The d-fold (d ≥ 3) branched coverings on a disk give an infinite family of nongeometric embeddings of braid groups into mapping class groups. We, in this paper, give new explicit expressions of these braid group representations into automorphism groups of free groups in terms of the actions on the generators of free groups. We also give a systematic way of constructing and expressing these braid group representations in terms of a new gadget, called covering groupoid. We prove that each generator βi of braid group inside mapping class group induced by d-fold covering is the product of d − 1 Dehn twists on the surface.
Introduction
The classical embedding ψ : B n → Γ g,1 of braid groups in mapping class groups was interpreted by Segal and Tillmann [1] as being induced by a 2fold (branched) covering over a disk. The question on the existence of such an embedding induced by 3-fold covering was raised by Tillmann about ten years ago, and the answer was given in [2] . Soon after the paper [2] was posted at math arXiv in February 2018, similar results to this were posted at arXiv by Ghaswala-McLeay [3] and Callegaro-Salvetti [4] for arbitrary d-fold (d ≥ 3) covering. It is surprising that the ten-year old problem was resolved independently almost at the same time by three different groups. The paper [3] laid emphasis on the development and application of the Birman-Hilden theory and the paper [4] did on the computation of integral homology of braid group with coefficient in the first homology of the surface with this new action, whereas the paper [2] did on the proof of the homology triviality of the embedding.
The classical embedding ψ : B n → Γ g,b maps each generator of braid group to a Dehn twist. Such an embedding is called a geometric embedding. Since the question whether there exists a nongeometric embedding was raised by Wajnryb ( [5] ), only a few particular examples have been found ( [2, 6, 7] ). The embedding induced by d-fold covering (d ≥ 3) over a disk, which turned out to be a product of d − 1 Dehn twists, gives us an infinite family of nongeometric embeddings. On the other hand, since the mapping class group Γ g,b (b ≥ 1) may be regarded as a subgroup of the automorphism group of the fundamental group of the surface which is a free group, we also could get a family of faithful representations of braid groups into the automorphim groups of free groups. However, it is not easy to find an explicit expression of these representations in terms of the action on the generators of free group. Such new expressions of braids as automorphisms of free group may give us (theoretical) new group invariants of links ( [8, 9] ) and add some new data in the theory of braid cryptography ( [10] ).
In this paper we give three results. First, we give new explicit expressions of those braid group representations into automorphism groups of free groups in terms of the actions on the generators of free groups (Corollary 3.4).
representation induced by the d-fold covering over a disk with n branch points. Then β i acts on the (d − 1)(n − 1) generators {x 1,1 , . . . , x n−1,d−1 } of the free group as follows:
The generators of the free group have been determined from the covering groupoid. The faithfullness of these representations is shown by the Birman-Hilden theory.
Second, we give a more systematic way of constructing and expressing the braid group embedding induced by arbitrary d-fold covering. For this we introduce a new gadget, called covering groupoid which is a directed graph and also regarded as a subcategory of the fundamental groupoid of the surface.
Third, we prove that each generator β i of braid group inside mapping class group induced by d-fold covering is the product of d − 1 Dehn twists (not the inverse of Dehn twists) along closed curves which form a chain:
as an element of mapping class group.
Mapping class groups and branched covering over a disk
Let S g,b be an oriented surface with genus g and having b boundary components. Let Γ g,b be the mapping class group of S g,b , i.e. the group of isotopy classes of orientation-preserving self-homeomorphisms of S g,b , fixing the boundary pointwise. It is generated by a finite number of Dehn twists.
Let Γ n g,b denote the mapping class group of the surface S n g,b with n marked points. Let Γ (n) g,b denote the mapping class group of self-homeomorphisms which may permutate the n marked points. Note that the braid group B n may be defined to be Γ (n) 0,1 and the standard generators {β 1 , . . . β n−1 } of B n are given as half Dehn twists. The generators β i satisfy the braid relations
The generator β i is a 180 • rotation interchanging the marked points i and i + 1 of the disk as shown in Figure 1 . 
on a sphere. Then there is only one ramification point over each i of index d (i = 1, 2, . . . , n). And there are gcd(d, n) ramification points over ∞ of index d gcd(d,n) . Riemann-Hurwitz formula gives χ(S g ) = d − dn − n + gcd(d, n).
Since
A d-fold branched cover with n branch points over a disk
The boundary of the disk ∂S n 0,1 can be thought of as a loop around ∞ on S 2 . So E has the same number of boundary components as the number of the ramification points over ∞. Therefore E ∼ = S n g,b where g = dn−n−d−gcd(d,n) 2 + 1 and b = gcd(d, n). (Tables 1 and 2) n 1 2 3 4 5 6 7 8 b 1 2 1 4 1 2 1 4 g 0 1 3 3 6 7 9 9 Table 1 . 4-fold branched covering space with n branch points n 1 2 3 4 5 6 7 8 b 1 1 1 1 5 1 1 1 g 0 2 4 6 6 10 12 14 Table 2 . 5-fold branched covering space with n branch points 2.2. Covering Groupoid. For a branched cover over a disk, we are going to use the language of groupoid.
Let π : E → D be a d-fold branched covering with n branch points {1, . . . , n}. This disk D may be interpreted as a groupoid D (abuse of notation) which is a directed graph such that the set of vertices is {0, 1, . . . , n, n+ 1} and the edges are generated by i
. The points 0 and n are thought to lie at the boundary of the disk.
The groupoid E (again, abuse of notation) corresponding to π, called covering groupoid, is defined as follows:
where 0 e 0,j − − → 1 and n e n,j − − → n + 1 mean 0 (j) e 0,j − − → 1 and n e n,j − − → (n + 1) (j) , respectively, and the index j reads modulo d.
Note that for a covering π : E → D, the surface E may be obtained as a tubular neighborhood of the graph E.
In D, between two branch points i and i + 1 there is only one edge e i , whereas in E between i and i + 1 there are d edges e i,1 , e i,2 , . . . , e i,d . And in E at the point i + 1, in-edges e i,1 , . . . , e i,d and out-edges e i+1,1 , . . . , e i+1,d should meet alternately ( Figure 4) . It has been shown ( [2] [3] [4] ) that d-fold (d ≥ 3) branched covering over a disk with n branch points induces an injective homomorphism from braid group B n to mapping class group Γ g,b . In this section, we introduce an infinite family of representations of braid groups into mapping class groups. We generalize the approach given in [2] . From the d-fold branched cover (with n branch points), we get (an infinite family of) representations from B n to Aut F (d−1)(n−1) . In Theorem 3.3, we give an explicit description of this representation that is the action of β i on F (d−1)(n−1) , the free group generated by the elements {x 1,1 , · · · , x n−1,d−1 }. Furthermore, we give an alternative proof that β i equals the product of d − 1 Dehn twists.
3.1. The lifts β i . Let π : S n g,b → S n 0,1 be a d-fold branched cover with n branch points. Let β i : S n 0,1 → S n 0,1 be the half Dehn twist interchanging the two points i and i + 1 (i = 1, 2, · · · n − 1). Then the lift β i : S n g,b → S n g,b of β i makes the following diagram commute :
The half Dehn twist β i on a disk (Figure 1 ) may be interpreted as a self-functor of the groupoid as follows :
for each i = 1, . . . , n − 1. It fixes points and edges that do not appear in the list.
In [1] , Segal and Tillmann observed that the lift of a half Dehn twist with respect to a 2-fold covering gives a full Dehn twist ( Figure 5 ). This induces an embedding of the braid group into the mapping class group. In [2] , a new nongeometric embedding of the braid group into the mapping class group induced by 3-fold covering was constructed. It was observed that the lift of a half Dehn twist is a 1/6-Dehn twist. We may extend this construction to the case of d-fold covering with d ≥ 4. In this paper, we analyze the braid group representation induced by d-fold cover by using a new gadget, covering groupoid. Figure 6 . We cut the disk along edges e i−1 and e i+1 Let S i be the d-fold covering space over a small disk D i with two branch points i and i + 1. S i is called atomic surface. Then S n g,b , the d-fold covering space of a disk with n branched points, is the union of these atomic surfaces. Notice that each S i is homeomorphic to S 2 r,s , where r = d−gcd(d,n) 2 and s = gcd(d, 2).
An atomic surface S i is generated by gluing d copies of D i as follows. We first cut out a small disk D i (1 ≤ i ≤ n − 1) that contains two consecutive branch points, say i and i + 1. We cut along the edges e i−1 and e i+1 (Figure 6 ). Now make d copies of D i . We glue them along e i−1 and e i+1 as in Figure 7 , then we get an atomic surface S i . The covering space S n g,b is the union of (n−1) copies of atomic surfaces S 2 r,s , where two neighboring S 2 r,s share one branch point. We glue two neighboring atomic surfaces as follows. At the point i + 1, there are d incoming edges and d outgoing edges. We glue two atomic surfaces so that the edges form the order (e i+1,1 , e i,1 , e i+1,2 , e i,2 , · · · e i+1,d , e i,d ) in a counter-clockwise direction (Figure 4 ).
Figure 8. cut-and-paste
In the case of 4-fold cover (with n branch points), by gluing four copies of small disks if we first get a cross shape of atomic surface as in Figure 8 . The cross is again cut and pasted to form two squares as shown. The inverse image π −1 of a small neighborhood around the edge e i , is a small tubular neighborhood around the two loops (highlighted in bold). Now, it is easily seen that a half Dehn twist is lifted to two 1/4-Dehn twists.
We shall look at the atomic surface S 2 r,s , and see how β i is lifted there. By cut-and-paste and a kind of 1 d -twist (two 1 d -twists for even d, and 1 2d -twist for odd d), we obtain the following important result : Theorem 3.1. A half-Dehn twist β i is lifted to the covering groupoid:
Now we show that the homomorphism φ : B n → Γ g,b , β i → β i is welldefined, that is, the lifts β i satisfy the braid relation. 
Proof. It suffices to show
· (e i+1,j+1 ) −1 · e i+1,j · e i+2,j = e i,j · e i+1,j · e i+2,j
3.2.
Representations of braid groups. In the previous section we have constructed a homomorphism φ d : B n → Γ g,b , β i → β i induced by d-fold covering over a disk. The injectivity of this homomorphism comes from the Birman-Hilden theory ( [3, [11] [12] [13] ). On the other hand, mapping class group Γ g,b (b ≥ 1) may be regarded as a subgroup of the automorphism group of the fundamental group of S g,b which is the free group on 2g + b − 1 generators. That is, the map φ d induces a faithful representation of braid group into Aut(F 2g+b−1 ). In section 2.1 we have seen that g = dn−n−d−gcd(d,n) 2 + 1 and b = gcd(d, n). This means that the rank of the fundamental group of the surface equals (d − 1)(n − 1). Now we are going to describe this faithful representation φ d : B n → Aut F (d−1)(n−1) in an explicit form. We first determine an appropriate set of loops on the surface which are generators of the free group. Let p i be the path in covering groupoid E defined as p i := e 0,1 · e 1,1 · · · · · e i−1,1 .
The generating loops of the surface are defined to be:
for j = 1, 2, · · · , d − 1 and let ( Figure 10 )
We read the second index j modulo d. Check that the number of these loops x i,j is (d − 1)(n − 1). Note that all these loops are nontrivial. For if x i,j is trivial then edges e i,j and e i,j+1 are path homotopic in the atomic surface S i , thus by symmetry of the atomic surface all paths e i,j (j = 1, . . . , d) are homotopic to each other, which is not possible. All these loops are the generators of the fundamental group of the surface which is a tubular neighborhood of the graph represented by the groupoid. Then β i acts on the (d − 1)(n − 1) generators {x 1,1 , . . . , x n−1,d−1 } of the free group as follows:
. . , n − 1, and j = 1, . . . , d − 1. Other loops x k,l that do not appear in the list are fixed.
The result of Theorem 3.3 may be expressed in more concise form using the conjugacy of elements in the free group. For this we introduce the loops y i,j : y i,j = p i · e i,1 · e −1 i,j · p −1 i = x i,1 · x i,2 · · · · · x i,j−1 for i = 1, . . . , n − 1 and j = 1, . . . , d − 1. The loop y i,j is shown in Figure 11 . x i−1,j → y −1 i−1,j · x i,j+1 · y i−1,j+1
x i,j → x −1 i,1 · y i,j+1 · y −1 i,j+2 · x i,1
x i+1,j → y −1 i,j · x i+1,j · y i,j+1 Equivalently, we have
Here, x y means the conjugate y −1 xy.
The lift β i , regarded as an element in a mapping class group, may be expressed in terms of Dehn twists which generate the mapping class group. Let D x i,j denote the Dehn twist along the loop x i,j . Then the action of this Dehn twist on the covering groupoid is as follows : Lemma 3.5. D x i,j :                            e i−1,j → e i−1,j · e i,j+1 , e i−1,k → e i−1,k · e i,j if k = j, e i,j → e −1 i,j+1 , e i,j+1 → e −1 i,j , e i,k → e −1 i,j · e i,k · e −1 i,j if k = j, j + 1, e i+1,j+1 → e i,j+1 · e i+1,j+1 , e i+1,k → e i,j · e i+1,k if k = j + 1.
From Theorem 3.1 and Lemma 3.5, by hand calculation (or computer program), we can see that β i equals the product of d − 1 Dehn twists (not the inverse of Dehn twists as in [2] ) :
Theorem 3.6. The lift β i equals D x i,2 · D x i,3 · · · · · D x i,d as an element of mapping class group.
This theorem implies that the embedding φ d : B n → Γ g,b induced by d-fold covering is nongeometric for each d ≥ 3.
